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Abstract
We find that the U(N) two-instanton solution presented in [Phys. Lett. B 547 (2002) 85] is incorrect. For the U(2) case, we
give a very simple form of the general two-instanton solution, so as to clearly show the faultiness of their solution. We also
discuss the dilute instanton gas limit and the ’t Hooft two-instanton based on our general solution.
 2003 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
A recent paper [1] presented a general solution of
the ADHM constraints with instanton number two and
gauge group U(N). However, that solution is incor-
rect. To show this, we give a very simple form of the
correct general two-instanton solution when the gauge
group is U(2). Eliminating the freedom of global
gauge rotations and setting the center-of-mass coor-
dinates to zero, the ADHM matrix of this solution is
I =
(
ρ1 0
eilρ2 cosθ −eimρ2 sin θ
)
,
(1)J =
(
0 eimρ2 sin θ
ρ1 eilρ2 cos θ
)
,
(2)B1 =
(
r1eiφ1 χei(m−φ2)ρ1ρ2
χei(m−φ2)ρ1ρ2 −r1eiφ1
)
,
(3)B2 =
(
r2eiφ2 ϕei(m−φ1)ρ1ρ2
ϕei(m−φ1)ρ1ρ2 −r2eiφ2
)
,
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(4)χ = r1 sin l cosθ
2r2 sin(φ1 + φ2 −m) +
r2 sin θ
2r2
,
(5)ϕ = r2 sin l cosθ
2r2 sin(φ1 + φ2 −m) −
r1 sin θ
2r2
,
and we have defined r2 ≡ r21 + r22 . Here all the free
parameters ρ1, ρ2, r1, r2, φ1, φ2, θ , m, l are real. It
can be straightforwardly checked that these matrices
do satisfy the ADHM constraints.
The above solution has nine free parameters. The
physical interpretation of these parameters is clear: ρ1
and ρ2 are the sizes of the two instantons, respectively;
(−r1eiφ1,−r2eiφ2) are the complex coordinates of
the first instanton, and the second is centered at
(r1eiφ1, r2eiφ2); θ,m, l are the parameters of an SU(2)
group, standing for the relative gauge orientation
of the two instantons. To include the global gauge
rotations we only need to perform the following
transformation on I and J :
(6)I → IU†, J → UJ, U ∈ SU(2).
se.
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translate the center of mass of the two instantons to
(z1, z2) (complex coordinates):
B1 →B1 − z1 ⊗ 12, B2 →B2 − z2 ⊗ 12,
(7)z1, z2 ∈C.
These transformations add seven more free parameters
to the above solution. So the free parameters amount
to sixteen, which is required by a general U(2) two-
instanton solution. This solution must coincide with
the general two-instanton solution in [2], but is of a
more explicit form than the quaternionic one.
Concerning the U(2) two-instanton solution in [1],
we have the following correspondence:
u1 = I †, u2 = J,
(8)r11 = B†2 , r12 =−B1.
Then, from Eqs. (47), (48) in [1] we see that both B1
and B2 are lower triangular matrices. So IJ is a lower
triangular matrix with vanishing principal diagonal
because of the ADHM constraint
(9)[B1,B2] + IJ = 0.
In other words, the matrix IJ is of rank 1. But for our
solution,
(10)IJ =
(
0 eimρ1ρ2 sin θ
−eimρ1ρ2 sin θ 0
)
is of rank 2. Two matrices of different ranks cannot be
related by the auxiliary symmetry
(11)IJ →AIJA†, A ∈ U(k).
So the two solutions are physically different and
cannot be both correct.
In fact, there is an apparent self-contradiction about
the U(2) two-instanton solution in [1]. From Eqs. (47),
(48) in [1] we have c= β = 0 with the notation defined
in Eqs. (29), (30), so we conclude that U1 > 0 from
Eq. (35). But from Eq. (46) it is obvious that U1 < 0.
Thus Eq. (35) and Eq. (46) are contradictory.
For the general U(N) cases, the definition (33) in
[1]:
(12)|x|2 = |x0|2 − |x1|2
looks also unreasonable. If |x|2 is the distance between
the two instantons as it looks like, it must be
(13)|x|2 = |x0|2 + |x1|2.In the following sections we will discuss two
important special cases of our solution in sequence.
The first one is the dilute instanton gas limit, which
further consolidates the generality of this solution.
The second one is the well-known ’t Hooft instanton,
where the instanton number is restricted to two.
2. The dilute instanton gas limit
This limit corresponds to the distance between the
two instantons tending to infinity. That is, r2 →∞
in our notation. In this limit, we have the following
expression:
a =


I † J
B
†
2 −B1
B
†
1 B2


=


ρ1 0 0 0
0 0 ρ1 0
r2e−iφ2 0 −r1eiφ1 0
0 0 0 0
r1e−iφ1 0 r2eiφ2 0
0 0 0 0


(14)+


0 e−ilρ2 cosθ 0 eimρ2 sin θ
0 −e−imρ2 sin θ 0 eilρ2 cos θ
0 0 0 0
0 −r2e−iφ2 0 r1eiφ1
0 0 0 0
0 −r1e−iφ1 0 −r2eiφ2


,
due to χ,ϕ→ 0 by Eqs. (4), (5). The above expression
is just a composition of the expressions for two non-
interacting single-instantons. If we include the global
gauge orientation and the center-of-mass position, this
expression will give the most general solution of two
non-interacting single-instantons.
3. ’t Hooft two-instanton
This well-known special case corresponds to two
instantons with the same gauge orientations. That is,
θ = l = 0 in Eq. (1). In this case, we have
(15)I =
(
ρ1 0
ρ2 0
)
, J =
(
0 0
ρ1 ρ2
)
.
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elements of B1 and B2 are as well vanishing due to
χ = ϕ = 0:
(16)B1 =
(−z1 + r1eiφ1 0
0 −z1 − r1eiφ1
)
,
(17)B2 =
(−z2 + r2eiφ2 0
0 −z2 − r2eiφ2
)
,
where we have included the center-of-mass position.
These matrices are familiar as the ADHM formulation
of the ’t Hooft instanton [3,4].Acknowledgements
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